We revisit the study of the emptiness formation probability, the probability of forming a sequence of spins with the same ferromagnetic orientation in the ground-state of a quantum spin chain. We focus on two different examples, exhibiting strikingly different behavior: the XXZ and Ising chains. One has a conserved number of particles, the other does not. In the latter we show that the sequence of fixed spins can be viewed as an additional boundary in imaginary time. We then use conformal field theory (CFT) techniques to derive all universal terms in its scaling, and provide checks in free fermionic systems. These are based on numerical simulations or, when possible, mathematical results on the asymptotic behavior of Toeplitz and Toeplitz+Hankel determinants. A perturbed CFT analysis uncovers an interesting −1 log correction, that also appears in the closely related spin full counting statistics. The XXZ case turns out to be more challenging. We use a simple qualitative picture in which the ferromagnetic sequence of spins freezes all degrees of freedom inside of a certain "arctic" region, that we determine numerically. We also provide numerical evidence for the existence of universal logarithmic terms, generated by the massless field theory living outside of the arctic region.
1. Introduction
Emptiness formation probability in spin chains
In recent years, a great deal of effort has been put into the understanding and calculation of correlations in integrable one-dimensional quantum critical systems. Although many physical properties can be understood from the Bethe-ansatz solution [1, 2] , the explicit calculation of physical correlation functions is a much more formidable task. Much progress has however occurred in this direction, in particular in the spin-1/2 XXZ spin chain, a key physical example where such methods are successful. New methods have been developed to compute such correlations and their asymptotics exactly, starting from the lattice model [3, 4, 5, 6, 7] . Moreover, the use of conformal field theory (CFT) [8] provides a way to access various universal exponents in a simple and transparent way. However, it does not give access to non-universal quantities, and usually still requires some input from more exact methods [9] . These two complementary approaches have also been shown to agree in several studies, see e.g. [10, 11] .
In the first framework, arguably the simplest quantity one can compute is the probability of forming a sequence of consecutive spins with the same up orientation, the so-called emptiness formation probability (EFP). For this reason it has already been subject to quite extensive studies [12, 13, 14, 15, 16, 17, 18, 19, 20] , especially (but not always) in the simpler limit of an infinite chain. In particular, many exact results have been derived, expressing the EFP using multiple integral or determinantal representations, from which an asymptotic expansion can sometimes be extracted. Note that the study of the EFP is also interesting insimpler -free fermionic systems. Indeed in this case the EFP usually boils down to a Toeplitz determinant, whose interesting mathematical properties have attracted much attention since the celebrated KaufmanOnsager spontaneous magnetization problem [21, 22] .
Two intriguing features stand out in the various asymptotic results obtained for the EFP. First, the leading term can depend on the model. In logarithmic form the EFP is proportional to 2 for the XXZ chain [14, 15] , while it only scales proportionally to for the Ising chain [23] . This behavior can be traced back to the fact that the XXZ chain has a U (1) symmetry, that is broken for Ising: in fermionic language the particle number is conserved in one case, but not in the other. Second, the EFP is sensitive to criticality. When the system is critical, power law corrections -logarithmic terms for the logarithmic EFP -to the leading term start to appear. While these terms can often be explained at the purely mathematical level (e.g. singularities in the symbol generating the Toeplitz determinant), they have so far remained unexplained at the field-theoretical level.
This paper is a partial attempt at filling this gap. We show that the Ising case can be understood in full detail using CFT. As a consequence, we confirm the universality of the power law correction derived by Franchini and Abanov [23] , and show that it is a simple fraction of the central charge of the CFT. We provide several generalizations to open systems and finite geometries, where we compute a universal scaling function, in the spirit of entanglement entropy studies. All these results are extensively checked in freefermionic systems, combining numerical evaluations and asymptotic results on Toeplitz and Toeplitz+Hankel determinants. Following [25] , we then carry out a perturbed CFT analysis of the subleading corrections, and show how the first goes slightly beyond the known Toeplitz results. As we shall see it takes a form proportional to −1 log , with a coefficient determined by the central charge, the geometry of the system, and a single non universal short distance cutoff, the so-called extrapolation length [24] . We also study several related quantities, including the Rényi-Shannon entropy and full counting statistics, where this type of subleading correction makes an appearance as well.
In contrast, the XXZ case turns out to be much more subtle. We are nevertheless able to gather some evidence for the universality of the power law corrections, and show how the general scaling may be explained in terms of an "arctic phenomenon", in which all degrees of freedom are frozen in a region of area proportional to 2 in imaginary time. Such behavior is familiar in the study of domino tilings on the Aztec diamond. In this picture a massless field theory, whose exact properties are unknown, lives outside of a "frozen region" that we determine numerically in various free fermionic examples.
Problem studied
Let us consider the following quantum Hamiltonian, so called XY chain in transverse field. 
We will study this Hamiltonian with periodic boundary conditions (σ α L+1 = σ α 1 , α = x, y), as well as open boundary conditions (σ α L+1 = 0, α = x, y). The system is in the ground-state |ψ , and the spins are measured in the basis of the eigenstates of the σ z j . What makes this model particularly simple is that using a Jordan-Wigner transformation, it can be rewritten in terms of free fermions [32] :
where c † L+1 = e iπN c † 1 for periodic boundary conditions, and c † L+1 = 0 for open boundary conditions. Herê N = L j=1 c † j c j is the fermion number operator. The dictionary between spins and fermions is fairly simple: a fermion at site j corresponds to an up spin, while a vacant site j corresponds to a down spin.
As is well known, this model has several critical lines, as a function of the parameters ν and h. The first we consider is ν > 0 and h = 1, and belongs to the Ising universality class ‡. Its low-energy properties are described by the Majorana fermion, a CFT with central charge c = 1/2. In particular, the point h = 1, ν = 1 is the Ising chain in transverse field (ICTF). The other (ν = 0, |h| < 1) has a vanishing fermion pairing term, and therefore an additional U (1) symmetry. It belongs to the free compactified boson universality class (or Luttinger liquid), and has central charge c = 1. In the following, we will mostly focus on these two critical lines. One may then ask what is the probability of observing a sequence of consecutive up spins, somewhere in the chain (in the open chain, the sequence ends on the left edge). More precisely, let us denote by A the subsystem formed by the spins, and B the rest. See Fig. 1 for a picture. The reduced density matrix for
and the EFP is defined as
For later convenience, we also introduce the logarithmic emptiness formation probability (LEFP) E = − log P.
We wish to study the asymptotic behavior of E with the size , while keeping the aspect ratio fixed to a certain fixed value /L ∈ [0; 1). We are mainly interested in identifying universal terms in the process. In the following we use the notation E p in the periodic system, and E o in the open system. ‡ We ignore here the other similar line ν > 0, h = −1, because it involves changes in conformal boundary conditions. We discuss this in Sec. 5.1.
Outline and summary of the results
The paper is organized as follows. In Sec. 2 we study the example of the Ising critical line, and show that the ferromagnetic string acts as an additional boundary in euclidean time. We then use boundary CFT methods to compute universal terms in the LEFP. In particular we obtain
c is the (universal) central charge. a 1 , a
0 are non universal, we compute them using asymptotic results on Toeplitz and Toeplitz + Hankel determinants in Sec. 3. The "extrapolation length" ξ is also a non universal quantity, known in the context of surface critical phenomena [24] . We show that
for the Ising critical line of the XY chain. The L −1 log terms can be seen as semi-universal [25] : once ξ is fixed they are solely determined by the central charge of the CFT, and the geometry of the system. For the EFP this type of correction goes slightly beyond the available mathematical results on Toeplitz determinants, and offers an interesting generalization to a recently raised conjecture [26] .
We then turn our attention (Sec. 4) to the XX(Z) chain, as an example of a free c = 1 boson CFT. This is known to exhibit strikingly different behavior, with in particular the LEFP scaling as
We propose a simple qualitative picture for such a behavior, in which the ferromagnetic string in imaginary time generates a region of area ∝ 2 where the degrees of freedom are frozen. A massless field theory, which is not strictly speaking a CFT, then lives at the exterior of this region. This picture is a manifestation of the well-known arctic phenomenon for dimers. We also provide numerical evidence for the universality of b 0 , by studying different lattice realizations and varying the aspect ratio /L. The analytical derivation of b 0 using field-theoretical methods is however left as an important open problem.
Finally in Sec. 5, we briefly discuss some related problems to which our results could be applied, including the Shannon entropy and full counting statistics.
The ferroelectric string as a conformal boundary condition
This section mainly relies on a simple observation: the configuration with up spins, viewed in euclidean time, should renormalize to a conformal boundary condition. There are only two possible (free or fixed) conformally-invariant boundary conditions for the Ising CFT [27] . The appropriate one can be determined by going back to the 2d classical Ising model. In a transfer matrix picture, the classical spins correspond, after taking the Hamiltonian limit, to the eigenstates of the σ x j . Therefore, a configuration with all fixed up spins in the σ z basis translates into
a state where all orientations are allowed, with equal amplitude, in the x direction. Hence the configuration with up spins in the z basis should renormalize to a free conformal invariant boundary condition.
Imaginary time picture
Let us now assume that the sequence of up spins can be considered as a free boundary condition in euclidean time. Since the external boundary conditions are also free, there are no changes in boundary conditions. The EFP is then given by the ratio of partition functions
Z cyl is the partition function of an infinite cylinder, and Z (slit) cyl is the partition function of an infinite cylinder with a slit inserted in the middle, as is shown in Fig. 2a . In the open geometry the cylinders are replaced by strips, see Fig. 2b . In both cases, the logarithmic EFP is given by the corresponding differences in free energies F = − log Z. Figure 2 : Space-time geometry (the time direction is vertical). In the cylinder geometry, there are two corners with angle 2π. In the strip geometry only one corner has angle 2π, but there are two additional corners with angle π/2.
Then, from general arguments, we expect the LEFP to scale as
Notice that the bulk free energies are canceled in the ratio (13) . a 1 is the line free energy contribution of the slit. Let us now explain the next two terms. As was first pointed out by Cardy and Peschel [28] , the logarithmic divergence is a general consequence of the presence of corners in the partition functions we have to evaluate. Indeed, there are two corners with angle 2π in Z
cyl , and one 2π as well as two π/2 corners in Z (slit) strip . The coefficient b takes a simple form: for each corner with angle θ there is a contribution [28] ∆F = c 24
to the free energy. c is the central charge of the corresponding conformal field theory, with c = 1/2 for the Ising universality class. h bcc is the dimension of a possible boundary changing operator, but there are none here (h bcc = 0) since all boundaries are free. We therefore have b 0 = c/8 = 1/16 in the periodic geometry, and
is a universal function of the aspect ratio /L, that we calculate in the next section. a 0 is a constant. Notice that both a 1 and a 0 are non-universal and therefore not accessible within CFT. We calculate them for the Ising chain in Sec. 3, using exact results on the asymptotics of Toeplitz and Toeplitz + Hankel determinants. Let us finally mention that the coefficient b has a discontinuity for the aspect ratio /L = 1: in this limit the corners disappear in the periodic geometry, and become four π/2 corners in the open geometry. We refer to [29, 30] for a study of the corresponding universal terms. In the following, we shall focus solely on the case 0 ≤ /L < 1.
Logarithmic terms
CFT derivation.-The universal scaling function f ( /L) can be obtained as follows. We use complex coordinates w = x + iτ on the cylinder (x ∈ [0, L)). Let C be a contour around the slit, and w 0 = x 0 + iτ 0 a point on the slit. We consider the infinitesimal transformation w → w + δ Θ(x − x 0 ) inside the contour, and w → w outside. Such a transformation stretches the slit by δ in the horizontal direction, while keeping L unchanged. The variation of the free energy is encoded in the T xx component of the stress-energy tensor as
In complex coordinates we have T xx = T (w) +T (w). The integral can be obtained by mapping back the slitted cylinder to the upper half plane H = {z ∈ C, Im z > 0}, where T (z) H = 0 due to translational invariance. The transformation law of the stress tensor is
where {w(z), z} denotes the Schwarzian derivative of w(z)
The contributions of the holomorphic and anti-holomorphic parts of the stress-tensor are identical, and we get
The conformal transformation from the upper-half plane is given by §
and the integral (19) can be evaluated using the Residue theorem. We find
which after integration yields the term of order one in (14) ,
Adding the additional contribution coming from the Cardy-Peschel formula (15), we finally get
where a
is a non universal constant. Notice that such a "chord-length" scaling is quite common, as it appears for example in the study of the entanglement entropy [31] , albeit with a different prefactor. Also in our case this is a subleading term, due to the presence of a line free energy.
The open geometry can be treated as well. The conformal transformation from the upper half-plane is modified to
§ A possible way to find this transformation is to map the cylinder to the plane, using u = e 2iπw/L . The image of the slit is a circular arc with radius 1. This arc can be mapped to R + using a Moebius transformation ζ = (u − u 1 )/(u − u 2 ), where u 1 and u 2 are the images of the two endpoints of the slit. The resulting geometry is sent to the upper-half plane using z = √ ζ. This finally gives us z(w), which may be inverted to get w(z).
The strip is mapped to the upper half-plane using u = e iπw/L . The image of the slit is again a circular arc with radius 1, which is mapped to a slit [0; i] using a Moebius transformation ζ(u), and mapped to the upper half plane using z = 1 + ζ 2 .
and we find
after a similar calculation. It is important that the up spins stand at the beginning of the open chain. If this is not the case the slit does not touch the left boundary any more, and the corresponding spacetime geometry has the topology of an annulus, as opposed to the upper-half plane in our derivation. Global conformal invariance would then not be sufficiently strong to constrain the finite-size scaling function f ( /L), and this would make its determination much more difficult.
Numerical checks.-We provide here some numerical evidence to support our main results (23) and (25), focusing on the Ising chain in transverse field. As is well known, such a chain can be studied by a mapping onto free fermions [32] . The calculation of the EFP essentially boils down to a determinant, as follows from the Wick theorem. See e.g Refs. [23, 29, 33] for the details. In particular we have
in the periodic case, and (27) in the open case. Here csc denotes the cosecant function
It is then straightforward to compute these determinant numerically, using standard Linear Algebra routines. The results are shown in Fig. 3 , where we plot E − a 1 for system sizes up to L = 4096 and several aspect ratios /L. As can be seen from the plot, the numerics agree very well with the CFT result, and even more so for the largest system sizes. Notice that in the periodic geometry, the invariance under → L − is only exact in the asymptotic L → ∞ limit. Indeed, we shall see in the next subsection that the first subleading correction is actually antisymmetric under → L − . Let us finally mention that we also checked with success our CFT formulas away from the ICTF (h = 1, ν = 1). This provides strong evidence for the universality of the EFP.
An unusual subleading correction
Let us now discuss lattice effects, and the possible subleading corrections they generate. In general these may be understood by adding perturbations by local operators to the CFT action. The operators can live in the bulk, or be localized near the boundary. In any case they need to be consistent with the symmetries of the physical system, and also be irrelevant (or at worst, marginal). Indeed, any relevant operator would drive the system to a different bulk CFT, or a different conformal boundary condition.
Here we focus on a generic perturbation by the stress-tensor itself along the boundary, following [25] . The stress-tensor is arguably always one of the leading irrelevant operators, and we shall see that it actually produces the leading finite-size effects in our problem. Such a perturbation also admits an interesting physical interpretation [34] . Let us modify the CFT action to
where the perturbation is localized near the slit. The coupling ξ has the dimension of a length, and is typically of the order of one lattice spacing. Such a perturbation effectively pushes the conformal boundary to a distance ξ, to make up for the fact that the physical (lattice) boundary and the (RG invariant) conformal boundary have no reason to lie at the same exact position. For this reason, ξ is nothing but the "extrapolation length", a standard concept in boundary critical phenomena [24] . Let us also mention that this perturbation plays a key role in the study of quantum quenches [35] as well as the entanglement spectrum in fractional quantum Hall states [34] .
CFT derivation.-Here we reproduce the main arguments of Ref. [25] , and refer to it for the detail. In the presence of a corner with angle 2π, perturbing by the stress tensor produces to leading order an interesting correction of the form L −1 log , whose prefactor may be exactly determined for simple enough geometries. In general the contribution of the perturbation (29) to the free energy is given by the following power series
Let us explain the physical origin of the logarithmic correction on the simplest example of the infinite geometry. In this limit (L → ∞), the conformal transformation simplifies into
The slit is the interval [− /2, /2] and its image through the inverse conformal mapping is R + . Using T xx = T (w) + T (w):
We have used once again the mapping to the upper-half plane and T (z) = 0. The regulator in Eq. (32) is of the order of a lattice spacing, and acts as an ultraviolet cutoff. S(z) is here given by
For large we also have w −1 (− /2 + ) ∼ / and w −1 ( /2 − ) ∼ / , and this allows to get the subleading contributions to the free energy. The term proportional to z in S(z) generates a correction ∼ 1/ of order one, and the term proportional to 1/z 3 generates a correction in ∼ −2 . The most interesting contribution comes from the 1/z term
which is the −1 log advertised earlier. Notice that (34) also yields a contribution proportional to −1 log . This term is much less interesting to us, but it is important to take it into account for numerical purposes. The −1 log is specific to corners with angle 2π. It can be shown that for an angle θ, the corresponding contribution to S(z) takes the form z 1−θ/π , which can only produce a logarithm after integration when θ = 2π.
In the more general finite-size case we use the result of [25] . The contribution of interest is given by
where the sum runs over all the 2π corners, their positions being w(z c ). w(z) is the conformal transformation from the upper half plane. The open geometry has only one such corner, and applying this formula we obtain
A similar calculation, with two corners, yields
in the periodic geometry. This term reproduces Eq. (34) in the limit /L → 0. Eqs. (37, 36) can be seen as "semi-universal". While they are proportional to the extrapolation length which is a non universal quantity, the central charge also appears and the shape as a function of /L is purely geometric: it does not depend on the specifics of the model. Another way to see this is to replace the dominant length scales L and by L + and + ε, where and ε are short distance cutoffs, of the order of a lattice spacing. Performing this substitution in Eq. (14) and expanding again, it is easy to see that the L −1 log terms remain unaffected.
Numerical checks.-The extrapolation length is a so far unknown function of ν on the Ising critical line. It should a priori depend on the boundary condition, but it has been found that ξ = 1/2 for free boundary conditions in the ICTF [25] . To make contact with our predictions we consider the combination
in the periodic geometry, and a similar combination in the open case. We then fit this
−1 for various system sizes up to L = 4096 and several aspect ratios /L. The results are summarized in Fig. 4 , and show again a very good agreement with our prediction. We emphasize the importance of adding a last term d 2 L −1 to remove the otherwise large finite-size effects. Finally, we also checked the validity of our result away from the ICTF, where the guess ξ = 1/(2ν) is compatible with the numerics. An analytical argument for this value will be given in Sec. 3. 
Relation to the theory of Toeplitz determinants
We now turn our attention to the limit L/ → ∞, so that becomes the only remaining length scale in the problem. The results of the previous section simplify into
For the Ising critical line c = 1/2. ξ is a so far analytically unknown function of ν on this line, but ξ(ν = 1) = 1/2 for the ICTF. For simplicity we mostly focus on the ICTF point, but the generalization to the Ising critical line is straightforward. Interestingly, the determinants of Eqs. (26) and (27) now take an even simpler form:
with
The factor (−1) k doesn't change the determinant, but has been added to make contact with the existing literature. An important feature of these determinants is that the matrix elements do not depend ¶ on the size , and this allows for a more rigorous treatment, using known mathematical results. In the following we summarize some of these, regarding the asymptotics of Toeplitz (41) and Toeplitz+Hankel (42) determinants. This presentation is heuristic, and does not make any attempt at mathematical rigor. We refer to Refs. [36, 37, 38] for reviews. We then use these results to find the exact asymptotic expansion of the determinants corresponding to Eq. (43) . Let us finally mention that the first three terms (but not the fourth) in Eq. (39) have already been derived by Franchini and Abanov [23] ; we will come back to this point later.
The strong Szegö limit theorem and the Fisher-Hartwig conjecture
It is customary to see the matrix elements as Fourier coefficients of a certain generating function, usually called symbol :
The following central result is due to Szegö [39] . If g(φ) is a sufficiently smooth, non vanishing function with winding number 0, the asymptotic expansion of det
where
and E[g] is given by
The leading exponential term can be intuitively understood by noticing that T is almost invariant with respect to translations. Writing down T in Fourier space yields for large
provided the [g] k decay sufficiently fast. The determinant is then dominated by the geometric mean to the −th power. Interestingly this result is exponentially accurate. There are however many interesting physical problems for which the [g] k decay slowly, and the symbol has singularities. This especially tends to happen when studying critical systems. Among them one can mention the famous Ising magnetization correlator at the critical point [21] , the monomer correlator for dimers on the square lattice [40] , full counting statistics [41, 42] , entanglement in critical 1d spin chains [45, 46, 47] , just to name a few. The following result [48, 49, 50] will be useful for us. Consider generating functions that only possess pointwise "phase" discontinuities, parametrized as
with −π < φ 1 < φ 2 < . . . < φ R ≤ π, |β r | < 1/2 and f (φ) sufficiently smooth, e.g. satisfying the hypothesis of the strong Szëgo limit theorem. We use the convention arg z ∈ (−π; π]. It is also possible to account for root-type singularities of the form (2 − 2 cos φ) α , but we discard them here to make the discussion simpler. The asymptotic formula for det 0≤i,j≤
whereẼ[g] is a somewhat complicated constant. The most interesting physical piece in such formulae are the power law correction ω , because they usually correspond to universal physical terms. Such a prescription is known as the Fisher-Hartwig conjecture [22] , and many instances of this conjecture and various generalizations are by now theorems [51, 52] . In the following we will also need similar results for the closely related Toeplitz+Hankel determinants of the form det
Rigorous asymptotic expansion of the EFP
For the Ising critical line the symbol reads [23] 
and at the ICTF point (ν = 1) it simplifies into
It has an obvious phase discontinuity, due to the change of sign in cos(φ/2). It can be parametrized as in Eq. (49), with R = 1, φ 1 = 0 and
and has winding number zero, as it should. Armed with this, it is now straightforward to apply the results of [50] , and get the leading terms in the asymptotic expansion of the emptiness formation probability.
Periodic case.-We recover here the result of [23] , which reads
compatible with the CFT prediction. The non universal constant a
0 is given by
G is the Barnes G-function [53], solution of the functional relation G(z + 1) = Γ(z)G(z), where Γ is the Euler Gamma function. The numerical value has been obtained by brute force numerical evaluation of the first 5000 terms in the sum. The logarithmic term agrees with CFT, and it is easy to check that it remains unaffected by a change in ν.
Open case.-We apply here the result of Ref. [50] , and refer to it for the general formula. Let us just mention that the critical power law exponent is modified to ω = −
32 in this particular case. We then find
with the non universal constant a
C is the Catalan constant. Once again, this result agrees with CFT. As in the periodic case, the logarithmic term does not change when varying ν.
Possible subleading corrections
Let us now discuss possible sources of subleading corrections to the general Fisher-Hartwig formula. If one relaxes the condition on the β r in Eq. (49), the parametrization is not necessarily unique anymore, because each β r can be shifted by arbitrary integers β r → β r + n r , the zero winding condition on f being ensured by n r = 0. The following result, often dubbed "generalized Fisher-Hartwig" has been conjectured by Basor and Tracy [51] and proved recently by Deift, Its and Krasovsky [52] :
where the sum runs over all possible n r ∈ Z subject to the condition R r=1 n r = 0. It is important to stress that the symbol ∼ stands for equivalent. This formula therefore only differs from Eq. (50) when several different representations have the same exponent Re w({β r }, {n r }).
It is however tempting to assume that all the terms in (58) appear as subleading corrections to the determinant. Several studies [54, 55, 56, 41, 42] supported this claim, by showing that at least the first subleading branches can be identified in the asymptotic expansion. Moreover, each branch can separately be improved by adding corrections in the form of a power series in −1 . Based on explicit computations of the first subleading terms, Kozlowski conjectured [26] that this prescription yields, provided f (φ) is smooth, a full asymptotic expansion of the determinant. More precisely, it is given by
In our case the generating function has only one Fisher-Hartwig singularity, which means there is no other subleading representation + . Because of the cusp at φ = π, f (φ) is continuous but not smooth, hence our −1 log does not contradict Eq. (59). The Riemann-Hilbert analysis of Ref. [26] can however be generalized to account for less regular symbols, by introducing the parametrization
where ν andν are analytic functions of z in some neighborhood of the unit circle, and chosen in such a way that f (φ) be also analytic * . For symbols g(φ) that can be written in such a way, the Riemann-Hilbert approach allows to obtain the form of the subleading corrections: in general each coefficient α
{βr},{nr} in Eq. (59) should likely be replaced by a polynomial of degree at most i in log . One can check that writing
+ We point out a slight inaccuracy in Ref. [23] , where the authors considered a parametrization with β 1 + 1 and conjectured a subleading term in −(β 1 +1) 2 +β 2 1 = −1/2 in the LEFP. Such a parametrization is however forbidden, because f (φ) doesn't have winding number zero in this case. * I am grateful to Karol Kozlowski for explaining this to me.
with β = −1/4 as before preserves the phase discontinuity at θ = π. Notice that η p = 0 for all p would give back the previous parametrization of Eq. (49) . The η p have to be set so as to smoothen the more regular part of the symbol f (φ) around the singularity at θ = π. Let us determine the first few for the Ising critical line of the XY chain, where the symbol is given by Eq. (51) .
is obtained by imposing f (π) = 0, and η 2 = η 1 /2 is the only value that makes the second derivative f (π) finite. It turns out the knowledge of η 1 is sufficient for our purpose. Pushing further the analysis of Ref. [26] we get a term of the form
This yields an extrapolation length
consistent with our previous determination at ν = 1. We also study a generalization, relevant to the full counting statistics, in Sec. 5.2. Finally, let us mention that a similar structure of logarithmic corrections has already been studied for closely related Fredholm determinants of the generalized sine kernel (see e.g. Refs. [43, 44] ).
Since our results are based on heuristic arguments, we are unable to prove the existence of the −1 log term. To numerically resolve this issue, it is convenient to form the combination
either in the periodic or open case. Provided the CFT result is correct, this quantity should scale as can be improved by adding further subleading corrections. We found that adding two terms of the form b −2 −2 log 2 and a −2 −2 reproduces the numerical data very well, and brings the relative error on γ under 4.10 −6 . A similar (but not identical) scaling has also been observed [57, 25] for the fidelity considered in [58] , where a closed-form formula can be derived and a systematic asymptotic expansion be performed. In this case there is a −1 log as well, but the subleading corrections take the somewhat simpler form of −p log and −p terms, with p ≥ 1. Let us now summarize our findings. In general we expect the LEFP to scale as
where the prefactor of the −p is a polynomial of degree at most p in log . Such a scaling is natural in terms of higher-order corrections to the Toeplitz determinant, but also in CFT. Indeed, taking into account the other contributions of the perturbed expansion (30) leads to a similar structure for the corrections, although the precise determination of all terms becomes very quickly cumbersome. Note however that not all logarithmic terms in the expansion (67) are semi-universal, in the sense defined in Sec. 2.3: making the substitution → + in Eq. (67) and expanding again, we observe that a (log ) k −p remains unchanged only if all the lesser subleading corrections are of the form (log ) k −p , with k < k and p < p. In particular this implies that the (log ) k −k are automatically semi-universal, but the other terms usually not; the former would be the most interesting to study within CFT.
The ferroelectric string as a boundary that breaks scale-invariance
We now turn our attention to the XXZ chain, and related models. The Hamiltonian reads
It is well established that the low energy physics of such systems is described by a Luttinger liquid CFT in the range −1 < ∆ ≤ 1. In imaginary time this is a Gaussian model, with action
The height field h lives on a circle of radius r. The physical parameter that governs the decay of the correlations is the compactification radius R = r √ 2κ. For the XXZ chain it is given by
Our analysis will focus for technical reasons on the free fermion point ∆ = 0, although we expect our reasoning to apply to the whole critical region. We also assume half-filling throughout the entire section.
Scaling of the EFP
Many exact results are available for the scaling of the EFP, both for the infinite and semi-infinite geometries.
Generically we have
so that the leading term is proportional to 2 , and the analysis of Sec. 2 does not apply anymore. We explain the precise physical origin of this leading term in the next subsection. Intuitively the difference with Ising comes from the fact that the ferroelectric string injects a lot of particles (or up spins) in a system where the total number of particles is fixed (or that has zero total magnetization). We also want to provide numerical evidence for the universality of the subleading logarithms in 4.3. To try and achieve both goals it is convenient to introduce another free fermionic spin chain
Just like the XXZ chain has the same eigenvectors as the transfer matrix of the six-vertex model, H has the same eigenvectors as the transfer matrix of the dimer model on the square lattice [59, 60, 61] . Hence we dub (72) the "dimer chain". In terms of dimers a ↑ spin (or a fermion) is either an even vertical link occupied by a dimer, or an empty odd vertical link. The ferroelectric string in the spin language corresponds here to an alternating sequence |1010 . . . 10 of links occupied (1) by a dimer, and empty links (0). The EFP of both periodic chains can easily be calculated as a determinant P = det 0≤i,j≤ −1 (m ij ) using Wick's theorem [14] . The matrix elements are given by
for the periodic XX chain at half-filling. In the limit L → ∞ the corresponding symbol takes the form
so that it vanishes on two whole intervals of [0; 2π]. This is a big difference with the Ising case, as we cannot apply Fisher-Hartwig related results to this determinant. Here the enhanced scaling proportional to 2 follows from Ref. [62] . In the dimer chain the matrix elements are given by
Here
This matrix is only block Toeplitz, because of the factor (−1) ij . There are also similar formulae for the open chains. Finally, note that such determinants are closely related to the so-called "gap-probability" encountered in the study of random matrices [63] .
Imaginary time picture, and the arctic circle phenomenon
Before presenting our results, let us mention that it is possible to look at the imaginary time picture for a weakly magnetized string, where bosonization applies [17] . It was shown that already in this limit, the slit shown in Sec. 2 becomes an ellipse, where the degrees of freedom are frozen. The LEFP then becomes proportional to 2 . It was however noted that this picture agrees only qualitatively with the numerical data at maximum magnetization. Here we determine the region numerically for finite but large .
We first recall the height mapping for dimers. Let us associate an integer height with each plaquette of the lattice, as illustrated in face to be zero. Then, turning counterclockwise around a site of the even (resp. odd) sublattice represented by black squares (resp. white squares), the height picks +3 (resp. −3) when crossing a dimer, −1 (resp. +1) otherwise. It is easy to see that the flat configurations should dominate the others: after coarse-graining the long distance physics is well described by the gaussian action of Eq. (69) . In contrast, the ferromagnetic string (shown in red in Fig. 6b ) which we impose corresponds to a maximum slope on the height field. This has far reaching consequences, due to the hardcore constraint: Fig. 6b shows (in blue) all the links whose occupation probabilities are automatically set to 0 and 1 for a finite slit length = 4. The dimers are therefore completely frozen, and the height field has a maximal slope in the whole frozen region. In the limit → ∞ such constraints become highly non trivial, as the frozen region actually extends further than one could naively think. Fig. 7 shows the frozen region in the infinite and semi-infinite geometries, for a slit length = 56. The pictures are obtained as follows. First we calculate the probabilities associated to dimer occupancies on all links. The procedure to get them is described in Appendix A, and makes extensive use of the Pfaffian solution of the dimer model. Second we associate a mean height to each plaquette using these probabilities . Third we define a discrete squared gradient
The maximum gradient is (∇ d h) 2 = 16. We draw in blue the frozen region where the gradient is maximal and in black the regions with zero gradient. Intermediate regions are shown as a mixture of the two colors. Fig. 7a (resp. 7b) shows the results for the frozen region in the infinite (resp. semi-infinite) geometry. We also show in Fig. 7c an example of height profile. The limiting shape is a non trivial curve with several cusps. Notice that outside of the frozen region the dimer occupancies are still constrained (i.e p = 1/4), although they go to this value sufficiently far away. Using this we can interpret the leading term in the EFP: it is simply due to a deficit in free energy coming from the arctic region, as well its proximity, where the free energy is not constant with the position. Interestingly, the limiting shape for the semi-infinite geometry with slit length seems to match perfectly half that of the infinite geometry with slit 2 . This observation is consistent with the exact results of [19, 15] , which give a 2 (semi − inf) = 2a 2 (inf) in the XX chain.
Inspired by the results of Sec. 2, it is tempting to look at the arctic regions for a finite aspect ratio /L, to see if the frozen region is modified. We present in Fig. 8 some numerical results regarding this question in the open geometry (the periodic geometry is similar). We observe that, as long as /L remains relatively small (figs. 8a and 8b), the picture looks more or less the same, up to a global dilatation. However the leading coefficient seems to change slightly (anticipating on table. 2), when varying the aspect ratio, so that this observation is possibly only approximate. Also the limiting case /L = 1/2 is interesting, because
For example the height picks ± (3 × p − 1 × (1 − p)) = ±(4p − 1) when crossing a link occupied by a dimer with probability p, and empty with probability 1 − p. the sequence of L/2 consecutive up spins has to be followed by L/2 consecutive down spins, due to the zero magnetization constraint. In this case the frozen region even cuts the imaginary time picture in two disconnected parts (see figure. 8c ). Such a behavior is yet another manifestation of the arctic phenomenon, first discovered in the study of dimers on the Aztec diamond [64] . Compared to the standard rectangular geometry, the dimers are highly constrained near the corners of the diamond, and these constraints propagate on macroscopic scales. In terms of heights the slope is maximal on all sides of the diamond, and the authors of [64] managed to prove that all degrees of freedom outside of the arctic circle were frozen. An illustration of this phenomenon is shown in figure. 9a. Note that the Aztec diamond can easily be generated by imposing maximally magnetized 
provided L y ≥ L x . T is the transfer matrix of the dimer model, acting on the vector space of dimension 2 Ly generated by the dimer occupancies along a vertical line. See figure. 9b for an illustration in the case L x = L y = 16. Let us finally mention that the arctic curve separating the frozen region from the fluctuating (CFT) region can usually be understood in terms of a entropy minimization principle [65, 66] . It would be interesting to apply this method to our problem, and attempt an exact calculation of the regions shown in figures 7a, 7b.
Logarithmic terms
As for the conformal boundary case, the logarithmic terms in the EFP are potentially the most interesting, as it is reasonable to assume that they might be universal. Many exact results are already available, they are summarized in table. 1 for the XXZ chain. We also show the terms for the six-vertex analog of dimers on the Aztec diamond, namely the six-vertex model with domain wall boundary condition [67, 68, 69] Table 1 : Summary of the logarithmic terms in the XXZ chain. The general result for b(∆) in the periodic geometry has been conjectured and numerically checked in [17] . The others are exact [14, 15, 19, 70, 71] .
prefactor of the logarithm is always given by a simple function of the compactification radius, and does not depend on non universal features such as the Fermi-speed, etc. This is an additional hint for universality, but unfortunately the field-theoretical analysis of the exterior of the frozen region is not so easy to perform. The non frozen degrees of freedom should still have long-range correlations. The field theory describing them, although not strictly speaking conformal, should therefore still be massless. We speculate that the stiffness κ of Eq. (69) might depend on the position, at the exterior of the frozen region. A possible way to show this would be to exploit some exact results for the dimers Green's function on the Aztec diamond [72] , and determine this way the asymptotic behavior of correlation functions, in the spirit of Fisher and Stephenson [40] . This however falls outside the scope of the present paper. Such logarithmic terms can also be compared with those appearing on a rectangle, which are simpler from the CFT point of view. There is however an important subtlety that needs to be taken into account. Indeed using the height mapping, it is easy to see that the boundary heights are not exactly the same on the two sides touching a given corner. See figure. 6a, that shows a coarse grained height h = ±1/2 depending on the side. This small mismatch has a tremendous impact in the thermodynamic limit, and needs to be dealt with by adding a harmonic function in the action, that encodes the height shift [88] . In the language of boundary CFT, this corresponds to the insertion of 4 (magnetic vertex) boundary changing operators [89] . It is then straightforward to apply the general analysis of Ref. [90] , and one even gets this way the full partition function
with central charge c = 1. Here ν depends on the parity of L y : ν = 3 for even L y and ν = 4 for odd L y † †. At the free fermion point R = 1, and Eq. (78) reproduces the exact result of Ferdinand [92] . θ 3 and θ 4 are the third and fourth Jacobi theta functions, given by
and η is the Dedekind eta function
Notice the similarity of the logarithmic term (R 2 /4−1/4) log L in Eq. (78), with those summarized in table. 1. However, the rectangle is somewhat less rich, as it doesn't have electric vertex contributions proportional to 1/R 2 .
Here we pursue a more modest goal, by numerically studying, at the free fermions points, both the XX chain and the dimer chain, while also varying the aspect ratio x = /L. The results for a periodic chain are shown in table. 2. Of course the non universal terms are not the same for the two chains. However, the XX chain dimer chain Table 2 : Scaling of the LEFP in the periodic XX and dimer chains, for various aspect ratios x = /L. The data is extracted via a fit to the form a 2 2 + b 0 log + a 0 for system sizes between L = 80 and L = 96.
logarithmic ones stand compatible with table 1, as long as the aspect ratio is smaller than 1/2. Precisely at x = 1/2 the logarithmic terms have a sudden jump, and go to a value that is very likely to be 1/6. We also performed a similar analysis in open chains, where we found logarithmic terms with prefactor 1/8 for x < 1/2 and 1/12 for x = 1/2. This is another evidence in favor of universality, as these terms seem to not depend so much on all the details of the arctic region. Their analytical determination is left as an important open problem.
Some related problems
We discuss in this section some possible extensions of this work, as well as some related questions.
The other Ising critical line in the XY chain
This line with γ = 1 and h = −1 also belongs to the Ising universality class, and has also been studied by Franchini and Abanov [23] . They showed, in the infinite geometry, that the LEFP scales as
The slightly different scaling is mathematically explained by the fact that the symbol
has an additional singularity at φ = 0, and subleading representations have to be taken into account (see Eq. (58)). Our analysis can in principle be extended to explain this scaling. First, notice that the EFP in this chain (h = −1) can be recast as the probability of observing a sequence | ↓↓ . . . ↓ in the h = 1 chain. Then, we have
where N ↓ counts the number of down spins. Since the free boundary condition is unstable under the RG flow, this should actually renormalize to a (stable) fixed boundary condition, and we have to introduce boundary changing operators. In the infinite geometry they do not affect the Cardy-Peschel term because the external boundaries are at infinity, but they influence a lot the subleading corrections. For example we still expect a −1 log term to appear in (82) , but with a prefactor modified to
where h f+ = 1/16 is the dimension of the operator changing the boundary condition from free to +. We refer to [25] for the method. The changes are even more dramatic in the semi-infinite geometry. Applying the Cardy-Peschel formula (15) we get
so that the prefactor of the logarithmic term is modified to 7/32. To our knowledge this exponent cannot be obtained using known theorems on Toeplitz+Hankel determinants. We also expect the presence of a −1 log correction among the subleading terms.
Full counting statistics
Another closely related problem is that of the counting statistics of magnetization in spin chains [73] . What makes this type of problem interesting is that it is motivated by recent experiments in cold-atom systems. In particular, it is sometimes possible to use the quantum noise to measure the full probability distribution of fluctuating observables [74, 75] .
For exact studies it is usually more convenient to study the magnetization in the basis of the eigenstates of the σ z (see, however, Refs. [76, 77] ). The statistics can be conveniently expressed in terms of the following generating function
where p m is the probability of having m spins down (out of ) in the z-basis. As we shall see, χ (λ) is a natural generalization of the EFP. All cumulants are recovered as
The generating function can be recast as a Toeplitz determinant χ (λ) = det([g λ ] i−j ), with symbol [75, 78] 
Next we apply the analysis of Sec. 3.3, limiting ourselves to e λ ∈ [−1; +∞] for simplicity. The symbol can be put in the form (60) , with β = − arctan[tanh(λ/2)]/π and η 1 = − tanh λ/(4πν). The asymptotic expansion reads
and the coefficients are given by
a 1 (λ) was studied over the unit circle |e λ | = 1 in [78] , and a 0 (λ), b 0 (λ) are extensions for ν = 1 of the results of Ref. [75] for the ICTF (ν = 1). The last term b −1 (λ) is new.
Two special values of the generating function are of interest, in addition to the obvious χ (0) = 1. First, lim λ→∞ χ (λ) is nothing but the emptiness formation probability, and we recover b 0 = 1/16 = c/8, as well as b −1 = −1/(32πν) = −ξc/(8π). Second, one can show, using a Kramers-Wannier transformation, that [75] χ (2iπ) ∝ σ
and one recovers the result of [82, 83] . In CFT language the exponent is twice the scaling dimension (1/8) of the Ising spin field. Note that it is possible to interpret the λ dependence of b 0 (λ) and b −1 (λ) within CFT. In terms of the Majorana fermion fields, the generating function can be expressed as
where ψ andψ are the analytic and anti-analytic components of the Majorana fermion. The argument of the exponential can be seen as a perturbation of the CFT action, and has been studied in Ref. [84] . The imaginary time pictures shown in Fig. 2 remain valid. There is however an important subtlety: the term 0 dx ψ(x)ψ(x) is marginal along the slit, so that the conformal boundary condition are not free anymore. To determine them properly, one can fold the model about the slit [85] , and then bosonize the two resulting Ising copies. The corresponding boundary condition, for a given λ > 0, is then part of the one-parameter family of continuous Dirichlet boundary condition investigated in Ref. [85] . We refer to to [84, 85] for a thorough discussion.
From the generating function it is possible to reconstruct the cumulants. For example the first three in the ICTF are given by
The linear scaling of all the cumulants means that the probability distribution p m is gaussian. Note that b 0 (resp. b −1 ) is symmetric (resp. antisymmetric) under to x → x −1 , hence log (resp. −1 log ) terms can only appear in even (resp. odd) order cumulants.
It is useful to compare this to the XX chain case (see e.g [81, 41] ). Here an important difference is that the magnetization is conserved, and the system is equivalent to free fermions without pairing. The symbol reads
and has two Fisher-Hartwig singularities at φ = k F and φ = 2π − k F . k F is the Fermi momentum. The corresponding generating function is given by
with subleading corrections taking the form (59). The result becomes singular when λ → ∞; we have seen that in this limit − log χ is proportional to 2 , not . This is an important difference with the Ising case, as the counting statistics and the EFP have here a very different behavior. The cumulants are given by
The higher-order cumulants m p c are either zero for p odd or O(1) for p even. All these can also be understood from simpler bosonization arguments. Interestingly, the even order cumulants can also be used to reproduce exactly the entanglement entropy [79, 80, 81] , and therefore S = (π 2 /3) m 2 c at the leading order. Note that while this connection can be generalized to fermions with pairing (that describe the Ising chain or superconducting states), it is necessary to count the fermionic-quasiparticles appearing in the entanglement Hamiltonian [80, 81] , not the original fermions as we did in (89) . Hence the result we have established for the Ising chain does not seem to have any relation to the generating function whose even-order cumulants reproduce the entanglement entropy. This observation is consistent with the general results for the corrections to scaling [86, 87] .
Classical Mutual information in a spin chain
Let us consider the same bipartition as before for a spin-1/2 chain. Since Tr ρ A = 1, each diagonal element σ|ρ A |σ of the reduced density matrix may be viewed as a probability. It is then natural to consider the classical Rényi-entropy of these probabilities
from which the classical Shannon entropy is a limiting case n → 1. Here the sum runs over all 2 possible spin configurations in subsystem A. This entropy is not to be confused with the Rényi entanglement entropy (REE), as the reduced density matrix is not diagonal. However when = L, it is nothing but the REE of two-dimensional Rokhsar-Kivelson states in a cylinder/strip geometry [61] , and has been further studied for this reason [29, 30, 88] . For = L the correspondence doesn't apply anymore, but most of the techniques developed previously can still be applied. In particular, the general scenario of Refs. [29, 88] , that predicts two different behaviors as a function of n separated by a phase transition, should still hold. This is interesting because in the Ising chain the limit n → ∞ of this entropy is nothing but the logarithmic emptiness formation probability. Before presenting some possible consequences of this connection, it is convenient to introduce the Rényi Mutual information
This combination filters out the line free energy contribution, so that the universal logarithms are now the leading terms. It was shown that for n > 1, all universal properties are dominated by the n → ∞ limit [29] . Using Eq. (6) we predict
for a periodic chain, and a similar result in the open chain. The limit n = 1 in the periodic case was studied numerically in Refs. [93, 94] , and this is usually a challenging problem in CFT. However, we notice that the conformal scaling of Eq. (108) still seems to apply, albeit with a different and non trivial universal prefactor [93, 94] (see also Eq. (III.181) in Ref. [57] for an even more precise determination in the limit L → ∞). Similar mysterious numbers have been observed numerically for the Shannon entropy of a full chain [29, 30] . It would also be interesting to study in details the subleading corrections at n > 1 and n = 1, to see if the unusual L −1 log L term is still present as a subleading correction. For the XXZ and dimer chains the limit n → ∞ doesn't give the emptiness formation probability, but rather the probability of observing an antiferromagnetic string p(↑↓ . . . ↑↓). At the free fermions point the corresponding determinants are also simple and take the form p = det 1≤i,j≤ (m ij ) with
for the XX chain and
for the dimer chain. Once again Q is the set
Here we have only given the determinants corresponding to a periodic chain, but there are similar expressions in the open case.
It might be possible to study exactly the infinite limit L → ∞, but the situation is more complicated because the corresponding matrices are only block-Toeplitz. To the author's knowledge no mathematical result can be applied to these determinants as of now. It is however possible to perform a CFT analysis similar to the one presented in Sec. 2. For example the leading logarithmic terms can easily be predicted in both chains. Since the configuration with alternating spins is expected to renormalize to a Dirichlet boundary condition for the boson field, we predict a term in c 8 log in the infinite geometry. In the semi-infinite geometry one has to take care of the height shift discussed in Sec. 4.3, and one arrives at
log . Here the central charge is c = 1. However just like in Sec. 5.1, subleading corrections require a new and more thorough analysis, as other leading irrelevant operators could play a role. This is also an interesting question for further studies.
Conclusion
We have studied in this paper the universal properties of the emptiness formation probability, mostly focusing on a CFT approach but also trying to combine it with other numerical and exact methods. It has been known for some time that the EFP can exhibit strikingly different behavior, depending on the model (e.g. Ising versus XXZ). We have shown how the Ising universality class can be systematically understood, and performed extensive checks of our results in a simple free fermionic realization. It however applies away from free fermions, and can also be generalized to any minimal model. For example one could define an analogue of the EFP in anyonic chains [95] related to RSOS models [96, 97] , and obtain in the same way universal terms for this quantity.
We used extensively the connection with the theory of Toeplitz and Toeplitz+Hankel determinants. While the application of such Fisher-Hartwig related results has become increasingly frequent in the physics literature, it usually allows to go further than field theoretical calculations. Here we managed to find an example where the CFT approach uncovers a −1 log that has yet to be proved. We gave an heuristic argument (discontinuities in the derivative of the "regular" part of the symbol) to explain its origin, but it would be interesting to perform a more rigorous and systematic study, especially in the more involved Toeplitz+Hankel case. In the CFT framework such occurrence requires some fine-tuning: it is a specific feature of corner free energies with angle 2π, and shouldn't appear in correlations of local physical observables, or in the entanglement entropy. In general both approaches could be pushed much further, and we hope that our method can shed some more light on the general structure of subleading corrections to the FisherHartwig formula, and its relation to the Renormalization Group in statistical mechanics. As an aside, we showed that the −1 log also appears in the full counting statistics for spins in the z basis. We also studied the XXZ chain, focusing mostly on the free fermion point. Here the situation is somewhat incongruous, as the simplest correlation from the Algebraic Bethe ansatz point of view is actually difficult to understand at the field-theoretical level. Our analysis was mostly numerical. We showed that the general scaling could be explained in terms of an arctic phenomenon, familiar in the study of dimers, and determined the frozen region numerically. We also provided some evidence for the universality of logarithmic corrections. A field-theoretical determination of these terms would require a better understanding of the fluctuations around the background we identified, and is left as an interesting open question.
Finally it might also be interesting to investigate similar setups for quantum quenches in real time. Indeed the conformal Ising case of Sec. 2 bears some similarity to the Calabrese Cardy argument for global quenches [35] , where a system is prepared in the ground-state |ψ 0 of a massive Hamiltonian, but evolves at time t > 0 with a critical Hamiltonian. The initial wave function |ψ 0 is then seen, in imaginary time, as sufficiently close [98] to a conformal boundary state. Interestingly in the XXZ chain it is possible to study a slightly different problem where one starts from a strongly magnetized state (see e.g. Ref. [99] ), which is obviously very far from a conformal boundary state. This type of initial state is exactly the kind that generates an arctic phenomenon in imaginary time. It would therefore be interesting to investigate the possible influence of this arctic phenomenon in real time quench problems.
Since we know how to calculate K −1 , let us study
in more details. Denote by a the set of sites part of a removed link. There are n = 3 of them. The other sites (the majority) are in b, and there are N − n of them. The matrix J is close to the identity, in the sense that it differs from it only for n columns. Indeed,
is non zero only if j ∈ a. Now we write J in block form as 10) where 0 ab is a n × (N − n) with zero matrix elements, and 1 bb is the (N − n) × (N − n) identity matrix. Using this form, the emptiness formation probability simplifies into
Such types of formula have already been derived for the monomer correlation function on the square [40] and triangular [100] lattice. Inverting J, we get The crucial piece of information is encoded in J aa . In the end, the probability of interest reads 14) e. g. for i ∈ b, j ∈ b. The numerical evaluation of such double sums can be done relatively fast. By that we mean that all the probabilities can be obtained in a time of order O( 2 L x L y ), on a L x × L y grid. Let us finally mention that inverting J aa is numerically very unstable. Typically, the system sizes shown in this paper require close to a hundred digits of precision. In the limit L x , L y → ∞ these expressions reduce to integrals that can be computed exactly [40] .
